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What are tropical curves? - Answer I

Definition

A tropical curve C in Rn is a pure one-dimensional rational
polyhedral complex with integer weights on its edges that make it
balanced at each vertex.

w3

w2

w1

w1p´1, 0q ` w2p0,´1q ` w3p1, 1q
!
“ p0, 0q

Definition

C is called smooth, if all weights are 1 and that’s the only possible
weight function up to multiples.
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What are tropical curves? - Answer II

Definition

A tropical curve Γ is a finite abstract metric graph such that each
vertex is at least trivalent.



Going from I to II: Taking the skeleton

There is a natural map sk from the set of curves of type I to the set
of curves of type II, obtained by “forgetting the unbounded bits”:

–

We call skpC q the skeleton of the curve C and say Γ is realisable if
it lies in Impskq.
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Questions

There are some natural questions to ask:

§ What is the image of sk , i.e. what abstract curves (of fixed
genus g) are realisable (by smooth curves in fixed Rn)?

§ What is the dimension of the set of realisable curves in the
moduli space of abstract curves (of fixed genus g)?
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Planar curves

§ This was studied exhaustively in

“Moduli of Tropical Plane Curves”

by Sarah Brodsky, Michael Joswig, Ralph Morrison and Bernd
Sturmfels.

§ They give a full list of all graphs realisable by planar curves up
to genus 5.

§ Their method involves computing all unimodular subdivisions
of certain Newton polytopes.

§ They show that in terms of volume in the moduli space, the
number of graphs realisable by planar curves decreases rapidly
(e.g. for g “ 4 only 0.5%) and eventually becomes
lower-dimensional.
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The next step: Space curves

Question

Which trivalent graphs of genus 4 are realisable by smooth tropical
curves in R3?

General approach:

§ Classically, each smooth genus-4 curve has an embedding,
which is the intersection of a cubic and a quadric surface in
P3.

§ ùñ Pretend this is true in tropical geometry as well.
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Definition

A smooth tropical hypersurface of degree d in Rn is the dual of a
regular unimodular subdivision of d∆n, the d-th dilate of the
n-dimensional simplex.
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The Cayley polytope

Definition

The Cayley polytope of two polytopes P and Q in Rn is

CpP,Qq “ convte1 ˆ P, e2 ˆ Qu Ď R2 ˆ Rn.

Facts:

§ Any two regular subdivisions of P and Q give rise to a regular
subdivision of C (and vice versa).

§ The Cayley trick: Any subdivision of C induces a mixed
subdivision of P ` Q – C X tx1 “ x2 “ 1{2u.
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Mixed cells

§ Let Σ be a cell of a subdivision of CpP,Qq.

§ Each cell σ “ ΣX tx1 “ x2 “ 1{2u of a mixed subdivision is
itself a Minkowski sums of cells
σP “ ΣX tx1 “ 1, x2 “ 0u – P,
σQ “ ΣX tx1 “ 0, x2 “ 1u – Q of subdivisions of P and Q.

` “

§ σ is called mixed, if dimpσPq, dimpσQq ą 0.
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Tropical Bernstein Theorem

Let H,H 1 be tropical hypersurfaces in R3 of degrees d , d 1. The
Tropical Bernstein Theorem tells us:

§ The intersection curve C “ H ¨H 1 is dual to the mixed cells in
the induced mixed subdivision of d∆3 ` d 1∆3.

§ C is smooth, if and only if the corresponding regular
subdivision of Cpd∆3, d

1∆3q is unimodular.

Conclusion

We can find smooth genus-4 curves in R3 by finding regular
unimodular triangulations of Cp2∆3, 3∆3q.
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A naive probabilistic approach

Assume we’re given:

§ All 192 unimodular triangulations of 2∆3.

§ Some unimodular triangulations of 3∆3 (in our case „100k,
produced with TOPCOM).

For each pair pT2, T3q of such triangulations do the following in
polymake:

§ Compute the corresponding secondary cones C2,C3.

§ Take random interior points v2, v3 of these cones.

§ Check if the subdivision of the cayley polytope induced by
pv2, v3q is unimodular.

Result

In our case, the success rate was „ 8%, which gave us about 1.5
million unimodular triangulations in 3 days.
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Tropical pie
The result of the analysis of the 1.5 million triangulations:

70%

20%

8%

10 others: 2%

We found 13 of the 17 possible types of trivalent genus 4 graphs.
The missing ones:



Discussion of results

§ The graph , while not occuring, is known to be
realisable.

§ Some of the realisable ones occur very rarely (ă10 times).

Conclusion I

This data is not a good indicator for non-realisability.

§ 100k is still a small percentage of all unimodular
triangulations of 3∆3 (educated guess: ă 1%).

§ They lie “close to each other” in the secondary fan of 3∆3,
which might make certain graphs more un/likely to appear.

Conclusion II

Need a better sample of triangulations of 3∆3.
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Future plans

We plan to try a dual approach:

§ Computational: Use (a randomized version of) a new
parallelized secondary fan algorithm (by Eike Müller) to find
unimodular triangulations of 3∆3. (perhaps: all...)

§ Theoretical: The missing graphs have lots of loops and
parallel edges. This might be a starting point for either a
proof of non-realisability or a constructive approach.

Thank you!
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